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It follows from (6), (7), (8) and the fact that X is an infinitesimal motion that
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af(t;Y, Z
VELD) _ f:1x.v).2) - f(:v. [, 2). Q
We see easily from the definition of f(¢;Y, Z) that we have the following properties:

f&:Y,2) = f(t;2,Y),
f&Y +Y',2)=f(tY,2)+ f(t;Y', Z),
f&;RY, Z) = (@™ h) f(t;Y,Z) for any function h.

Let p be an arbitrary point of M and let {z',... 2"} be a local coordinate system in a neigh-
borhood U of p. Let X; = 0/0x' and X = 37, £'X; on U. Then [X,X;] = 33, b X; with h =
—0¢7 /92", Since we can restrict our consideration for f to U, we put f(t; X;, Xi) = fix(t;2) (z €
U). Then f(t; [X, X.J, Xe) + F( Xo, [X, Xi]) = X2, b (oo (@) fin () + X5, B (o e () fi (85 ),
and it follows from (9) that
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for each € V and [t| < &, where V is a neighborhood of p such that ¢_(V) C U for each ¢ such
that |t| < e. This shows that, for each 2 € V, the functions f;;(¢; z) of ¢ are the solutions of (10)
with the initial condition f;x(¢; ) = 0. Obviously, the functions of ¢ which are identically equal to
zero from a solution of (10) with the same initial conditions. Hence, by the uniqueness theorem
of the solution of (10), we see that fi.(t;x) = 0 for each z € V and [t| < e. Let Y > n'X; and
Z =3 ¢'X;onU. Then f(t;Y,Z) =3, 1" (p—t(x))C* (p—t(x)) fir(t; x) for [t| < & and for any Y
and Z. Then using (5) repeatedly, we see that f(¢;Y, Z) = 0 for any ¢. In particular, f(¢;Y,Z) =0
at p for any ¢ and any Y and Z. Since p is an arbitrary point of M, we get f(¢;Y,Z) = 0 and this

proves that ¢, is an isometry for all ¢t € R.
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2L, ZOFRMIL Z2AYRW, Thbb, f OlFUSOES %

C ={z €U |rank,(f) <m}
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bl RN

NS ARVASN

SEEA. ZHiE, n>0. m > 1 TEKZRT,
0 LA EOEEE n X LT, Sard DEEAL D LD Z & 2 BFHRAEIIC & 0 ZEHT 5,
DHn=00& &,
U={0} £/ 0 T, f(C)={x} £721Z 0 TH2D 5. un(f(C)) =0,
(IT) n — 1 £ T Sard ODEHHHKALT B LINET 5,

Cp=BEFEUTD f OFTXTOREELD 01272 & 5%z DER)

Lr.

-  JJ :0,:1,, ’1<l<k;’1< < . o< <
e Oy, D) =0 ml<l<kl<m<--<rn<n}

B (k=1,2,...) &,
CO>C1DCD---DC,DCk1D ...

FEHAZ RO SBT3 B

BB (F(C — C1)) = 0 DYRAL

BBt i (F(Crp — Cry1)) = 0 HIEAL

BB FAREREIZHLT, un(f(Cr) =0
(BB—B)

m>1IZHUT, pn(f(C—C1)) =0 25T,
(i) m=10& &, (Fubini OEMAMHEZ 22\)

f:U—=R
THY. of
Clz{x€U|axT(x):O;r:L...,n}
LB,
C = {z €U |rank,(f) <1}
= U k of =0
={z €U |ran axr(m) =0}
={x€U|§£(x)=O;r:1,...,n}
=C
L BDT,
flC=C)=f0)=0
XoT.

({)m>20r %,
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MEEDO xe C—-CLizd LT, 5z OBLEME V(z) C U PMFELT
pn (f(V ()N C)) =0
(‘_’_@féj ...... (*)
Z e EREIEIW,
RERS, (F) MO TE, {(V(z) |teC—Ci}1EC—C, CR” OBI#ETH 255, Lindels £ DO#
BEEEY, {(V(z)|zeC—C) ORERMMHE (V)2 BEELT,

C—-C: C U Vi
=1
Yi5b, Ik,
IEN, pm(f(VinC)) =
AN
c-c=Jwin(C-a)
=1
Uwino
=1
Ehe,
flc - 01CfOJWﬂ@>—UfMﬂC)
=1 =1
o7,
MﬂﬂC—QDSMm<UfMﬂCO
=1
S(w fvinag))
s (f(C = Ch)) =
EREBMNSTH S,

ST, (M) RRT. peC -0, T3,

p¢01 ThHHENG,

i), () #0

A RN T AN 2 T, fl#otbf% bR,
UCR" J:Tﬁ%aéﬂt%?@% h U—->R" %,

h(x) = (f1($),x27 cee 71'”)

b SN
of  Ofi ofh
oxq dxs "7 Oxnp
oh; 0 1 ... 0
(axj>i,j -
0 0 1
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LR BHDT,

g=foh 1.V 5 R™

REZD,
C' = (g DEERHDER)
Y
C'=hnVNC)
THENS,

9(C") = g(h(V N C)) = foh ' (M(V NC))
=f(vnao)

—H. & (txo,... o) =y eV IZHLT, h: V=V &b

22T h(@) = (fi(7), Bas... Bn) =y THBIEND
fi(z) =t

£oT
gly)=(t,...) e {t} xR" ' CR™

LIRBIPS, G
(t,zo,...,zn) —> g(t,za, ..., 2p)

&0 5
gV N {t} xR = {t} x R™~ R™L

NESNE, ¢ DEHFLD
t_
9" =9 l{tyxmn—

DR D NED, IRANIE DR E B 5
C' = (¢" DHEFREDES) c R

Ly
pm-1(g"(C")) =0 (1)

(th) _ (alt aOt )
ox;) ~ \ %t (32)
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TH5H5
g(CYN{t} x Rt = g*(C?)

(1) &b
pm—1(g(C) N {t} x R™™1) =0

ks,
teRIFFEEELLTEWA S, Fubini DEH LD

pn(9(C")) =0

Tubb
pm(fF(VNC)) =0

Lo T, peC—Cy BMEREED, (%) 2WRtrz, (B—B#)

(BB
pECk—Ck+1 9B e, p¢0k+1 &b
6k+1 A
/ (p) #0

3
(T,Sl,...,8k+1)7 a 6
Ty ... 0T,

iz, C* 5K w:U—-R %

rHle
w(p) =0

ow
0xs,

s=1 LTk,

(p) #0

Thd, BAFZHLIIANEZT,

CWEH h:U R %
h(z) = (w(x),z2,...,zp)
Bk
Ow  Odw Ow.
Oxq Oxo Ox,
oy [0 1 .0
Ox; i,j_ : .
0 0 1
THHNH
ahl o ow
det (axj (p)> = a7‘,1(23) #0

Ko, MBISCERL D, hik. p OBBEEHEV CU %, h(p) ©bBHHLME V/ C R® ~fs A

B9,
ZZ reC,NV DEE, wx)=04&D

zziz,
h(xz) = (0,...) € {0} x R*~!
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Ehb. h(CrNV) C {0} x R\=1 2725 2 ¥ (21,
EN
g=foh 'V - R™

BE A,
@ V' n{0} x R"* - R™

90 =9 |{0}><R"*1
35, CY % ¢° OERMOEGLT DL, IREDED S,

1m (g°(C%)) = 0
h(Ce,NV) C o

fim (90 0 M(Ce N V) < pn (6°(C%)) =0
tim(g° 0 h(Ce N V) = i (F(CNV)) =0
LEhioTy Cp— Crpt DHEAS. (¥) A0 IH, GE—B) (i) & AR,
pn (f(Cx — Ciy1)) =0
WAL, (B8 B
(FE=F)
(k+1m>n$5bb k> = —1 550
pm(f(CrNI™) =0 (**)

R, 222, I"CR" Z—UDOEIN§ THD n Rie Lk,
Db hruE, HBOLED LS

ey = recen)

i=1

LRELI NS

LR,
() ZRED, f:C®ME0. KT f: CHLEED S, Taylor OEH & D

Jth) = f@)+ 3 ST @h + Reps

0<|a|<k
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7-77L. 0<f<1&lLT
0%f(x + 0h
Ryi1 = E 710( )ha

|
(o2}
|a|=k+1

x€C,LDEE, 0<|a|<k TOf(x)=072="o
f@+h) = f(z) + Rita

ZZT, z€CynNI™ z+hecI™iZHL

0o f(x + 0h) .
IRel < S 2L R0 ey

!
|| =k+1 &
1 (03 «@
= > lovfremne]
la|=k+1

I EEAED o4+ 0h € T7 0°f(x) A VY MES TP LRSS, 0% f(x) WART
Cy >0, [0°f(x+6n)| < Co

NS RRVASY o
IRl < 3 22ne

|a|=k+1

|h®| = [h1 .. RO | = |hy |t .. B
< JRf R = [[A)R
N Co .
Ers, C= Z Ja%‘mi
| Rl < Clh|/FH

A
ST, I" 2—lN g TH5 r" D n RowNIAEIZDET D, I 2 v e Cp 2ATL/NLHEET S

& I DEEDORIT |h] < \/ﬁé LB h ST, z+h EhT5,
T
Lo T,

1f (@ +h) = f@)]| = [ Rk
< Cnl[**

s\ a
so(vi) =

27U a=C(/n 6 2BV,
Cozehs. f(I) W f@) BT A L DAk A NG L itbh B, AL [

’/‘k+1

OISR ERZRIK L, ARICZE XL, F(C,NIM) C fI7) R~ OSSO TR V

n 2a " m,.n— m
V S r (Tk'i'l) = (2&) T (k+1)
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ERBZEDIZEEND,
FoT, (k+1)m>n D&

i (f(Cx N T")) <V < (2a)pn = (DM
Tr—ooco DX pn—(kt)m s Ly
fim (f(Cr N I™)) =0

LSS T (%) ARt 2, (5 =BHK)
PDAEB B~ =X

C:(C—Cl)U(Cl—CQ)U“'U(C/C_l—Ck)UCk

"o
fC)=f(C—-C)U---U f(Cr_1— Cr)U f(Ck)
i (f(C)) < pm (f(C = C1)) + -+ + pin(f(Cr—1 — Ck)) + pm (f(C)) = 0
1 (f(C)) =0
Z T Sard DEHED RE T, O
SE
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